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Abstract
S-expansions of three-dimensional real Lie algebras are considered. It is shown that the
expansion operation allows one to obtain a non-unimodular Lie algebra from a unimodular
one. Nevertheless S-expansions define no ordering on the variety of Lie algebras of a fixed
dimension.
1 Introduction
In 1961 Zaitsev [8] supposed that all solvable Lie algebras of a fixed dimension could be obtained
via contractions from the semisimple algebras of the same dimension. He called such solvable Lie
algebras ‘limiting solvable’ and proposed the contraction procedure for the ‘limiting classification’
of solvable Lie algebras. Later the same conjecture was also formulated by other scientists, e.g.
Celeghini and Tarlini [2]. Complexity of the actual state of affairs was illustrated in [6], where
contractions of real and complex low-dimensional Lie algebras were studied. The incorrectness of
the above conjecture was illustrated by the fact that all semisimple (and reductive) Lie algebras
are unimodular and any continuous contraction of a unimodular algebra necessarily results in a
unimodular algebra. Moreover, semisimple Lie algebras exist not in all dimensions.
The aim of this paper is to revisit Zaitsev’s conjecture in terms of S-expansions. We will study
S-expansions of the real three-dimensional Lie algebras. It was shown in [4] that generalized
Ino¨nu¨–Wigner contractions give a particular case of S-expansions. This is why we consider only
pairs of such algebras that are not connected by a contraction.
The paper is arranged as follows. Section 2 contains preliminary information on S-expansions
and relevant objects. In Section 3 we construct several key examples of three-dimensional S-
expansions and discuss the possibility of application of S-expansions to the classification of
solvable Lie algebras.
2 Basic properties of S-expansions
Roughly speaking, the S-expansion is the “product” of the semigroup and the Lie algebra with
a Lie algebra structure defined in a special way. The notion was introduced in [4]. It generalizes
the notions of expansion, deformation (under a proper choice of the corresponding semigroup),
extension and generalized Ino¨nu¨–Wigner contraction.
Let S = {λα} be an Abelian semigroup of order N and let g be an n-dimensional Lie algebra
with the structure constants Ckij in a fixed basis {ei} of the underlying vector space V . Here and
in what follows the indices α, β and γ run from 1 to N and the indices i, j and k run from 1
to n = dimV . The nN -dimensional S-expanded Lie algebra G := S × g, the underlying vector
space of which is spanned by the basis elements e(i,α) = λαei, is defined by the structure constants
C
(k,γ)
(i,α)(j,β) =
{
Ckij if λαλβ = λγ ,
0 otherwise.
(1)
Remark 1. It directly follows from (1) that the product of elements e(i,α) and e(j,β) in the
algebra G is zero if [ei, ej ] = 0. Therefore, an appropriate representative from the isomorphism
1
class of the initial Lie algebra g should be chosen if S-expansion is used for a certain purpose.
In other words, sometimes the structure constants tensor has to be transformed by an element
of the group GL(V ) before the expansion procedure. Of course, commutation relations of the
expanded algebra G can also be reduced to an appropriate form using a change of basis.
Let a Lie algebra g admit the decomposition g = Vˇ ⊕ Vˆ with [Vˇ , Vˆ ] ⊂ Vˆ , namely
[vˇiˇ, vˆjˆ ] = Cˆ
kˆ
iˇjˆ
vˆ
kˆ
, [vˇiˇ, vˇjˇ ] = Cˇ
kˇ
iˇjˇ
vˇkˇ + Cˆ
kˆ
iˇjˇ
vˆ
kˆ
, [vˆ
iˆ
, vˆ
jˆ
] = Cˇ kˇ
iˆjˆ
vˇkˇ + Cˆ
kˆ
iˆjˆ
vˆ
kˆ
; (2)
where {vˇiˇ} is a basis of Vˇ and {vˆiˆ} is a basis of Vˆ . Then the elements {vˇiˇ} form a well-defined
reduced Lie algebra |Vˇ | with the Lie product defined by the structure constants Cˇ kˇ
iˇjˇ
.
2.1 Algebras of lower dimensions
In general case the dimension of the S-expanded Lie algebra G is greater than n and it has a
more complicated structure than g. Therefore for some purposes it is reasonable to consider
certain subalgebras or reduced algebras of less dimensions instead of working with the whole
expanded algebra.
The problem of the construction of algebras of less dimension that are related to an expanded
Lie algebra is rather complicated. Two classes of such algebras were presented in [4] for S-
expanded Lie algebras admitting an agreed decomposition of the associated semigroups and Lie
algebras. A semigroup S and a Lie algebra g are said to admit a resonant subset decomposition
if they can be decomposed as g =
⊕
p∈I Vp (where the direct sum is interpreted in the sense
of vector spaces only) and S =
⋃
p∈I Sp with some index set I in such a way that [Vp, Vq] ⊂⊕
r∈i(p,q) Vr and SpSq ⊂
⋂
r∈i(p,q) Sr, where for every p, q ∈ I the index set i(p, q) is a subset
of I. In the resonance case, GR =
⊕
p∈I(Sp × Vp) is a resonance subalgebra of the S-expanded
Lie algebra G. For each resonant decomposition this gives a Lie algebra of dimension less than
the dimension of G. Algebras of the other class are constructed by means of the reduction of Lie
algebras. Suppose that for each p ∈ I the set Sp is partitioned into the subsets Sˇp and Sˆp such
that SˇpSˆq ⊂
⋂
r∈i(p,q) Sˆr. This partition induces the decomposition GR = Gˆ⊕ Gˇ, where direct
sums are interpreted in the sense of vector spaces, Gˇ =
⊕
p∈I(Sˇp × Vp) and Gˆ =
⊕
p∈I(Sˆp × Vp).
As [Gˇ, Gˆ] ⊂ Gˆ, the projection of the Lie bracket of GR to Gˇ gives a well-defined Lie bracket on
|Gˇ|. In other words, the Lie algebra Gˇ with this bracket is the reduced algebra for GR.
Given an Abelian semigroup S with a zero λN = 0S ∈ S, i.e., λα0S = 0S for all α = 1, . . . , N ,
any S-expanded Lie algebra G = S × g can be decomposed as G = Vˇ ⊕ Vˆ with [Vˇ , Vˆ ] ⊂ Vˆ ,
where Vˆ = 〈0Se1, 0Se2, . . . , 0Sen〉. In this case the reduced Lie algebra G0 := |Vˇ | is called the
0S-reduced algebra of G.
Remark 2. The condition (1) implies that the 0S -reduced algebra G0 has the following com-
mutation relations in the basis {λαei | α = 1, . . . , N − 1, i = 1, . . . , n}:
[λαei, λβej ] =


n∑
k=1
Ckijλαλβek if λαλβ 6= 0S ,
0 if λαλβ = 0S .
(3)
2.2 S-expansions and contractions
As generalized Ino¨nu¨–Wigner contractions are related to gradings of the contracted Lie algebras
(i.e., to special decompositions of the underlying vector space), it is clear that all generalized
IW-contractions can be obtained by means of resonant S-expansions. See [4] for details.
At the same time, this claim does not imply that S-expansions exhaust all possible contrac-
tions since there exist contractions that are not realized by generalized IW-contractions [1, 7].
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Example 1. Consider the example of such a contraction constructed in [1] for the seven-
dimensional Lie algebras gF and gE. These algebras are defined by the commutation relations
gF : [e1, ei] = ei+1, 2 6 i 6 6,
[e2, e3] = e6, [e2, e4] = e7, [e2, e5] = e7, [e3, e4] = −e7,
gE : [e1, ei] = ei+1, 2 6 i 6 6, [e2, e3] = e6 + e7, [e2, e4] = e7
and are characteristically nilpotent since their differentiation algebras
Der(gF ) = 〈2E21 + E42 + E53 + 3E64 + 5E75 + 2E76, E31 + E52 − E75,
E32 + E43 + E54 + E65 + E76, E61, E41 − E51 + E74, E51 + E62〉,
Der(gE) = 〈E31 − E41 + E52, E41 + E62, −E31 + E41 + E63 + E74,
−E21 −E31 + E41 + 2E42 + 2E53 + E63 + E64, E71, E51,
E21 + E31 − E41 − E42 − E53 − E63 + E75, −E41 + E73,
E32 + E43 + E54 + E65 + E76, E72, E61〉
are nilpotent. Here Eij denotes the 7× 7 matrix with only nonzero (i, j)th entry that equals 1.
(It is obvious that both the differentiation algebras consist of lower triangular matrices.) This
means that the algebras gF and gE admit no grading and hence none of them can be a result
of a generalized IW-contraction. On the other hand, there exist the contraction from gF to gE
provided by the following contraction matrix at ε→ 0:
Uε =


ε 0 0 0 0 0 0
0 ε3 0 0 0 0 0
0 0 ε4 0 0 0 0
0 12ε
4 0 ε5 0 0 0
0 0 12ε
5 0 ε6 0 0
0 0 0 12ε
6 0 ε7 0
0 0 0 0 12ε
7 0 ε8


.
Examples on non-universality of the generalized IW-contractions in dimension four can be
found in [7]. This is why it is still unclear whether all contractions can be obtained via S-
expansions.
On the other part, there exist S-expansions which are not equivalent to contractions. See,
e.g., the example on a connection between the Lie algebras sl(2,R) and A2.1⊕A1 that is presented
in the next section.
Other objects closely related to S-expansions are given by the purely algebraic notion of
graded contractions [3]. The graded contraction procedure is the following. Structure constants
of a graded Lie algebra are multiplied by numbers which are chosen in such a way that the
multiplied structure constants define a Lie algebra with the same grading. Graded contractions
include discrete contractions as a subcase but do not cover all continuous ones.
Contractions of real and complex three-dimensional Lie algebras were completely studied
in [6]. As all these contractions are realized by the generalized Ino¨nu¨–Wigner contractions, they
can be realized by S-expansions. Moreover, S-expansions lead to establishing new relations
between such algebras.
3 Three-dimensional S-expansions
According to Mubarakzyanov’s classification [5], nonisomorphic real three-dimensional Lie alge-
bras are exhausted by the two simple algebras sl(2,R) and so(3); the two parameterized series of
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solvable algebras Aa3.4, 0<|a|61 and A
b
3.5, b>0; the three single indecomposable solvable algebras
A3.1, A3.2 and A3.3; and the two decomposable solvable algebras 3A1 and A2.1 ⊕A1.
In [6] it was proven that all unimodular three-dimensional algebras (namely, sl(2,R), so(3),
A−13.4, A
0
3.5, A3.1 and 3A1) belongs to the orbit closure of at least one of the simple algebras.
All contractions are shown on Figure 1 by dashed lines (each arrow indicates the direction of
the corresponding contraction). Repeated contractions (i.e., contractions of the kind: g contracts
to g0 if g contracts to g1 and g1 contracts to g0) are implied but not indicated on this figure.
All three-dimensional contractions were realized by generalized IW-contractions, therefore the
corresponding S-expansions are also exist.
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Figure 1: Contractions of real three-dimensional Lie algebras are marked by the dashed lines
and S-expansions which are not equivalent to contractions are marked by solid lines.
There are a number of necessary conditions to be satisfied for a pair of Lie algebras connected
by a contraction, see, e.g., [6]. The following examples show that S-expansions of Lie algebras
do not obey the major part of these rules. These examples involve the algebras (for each algebra
we present only nonzero commutation ralations)
sl(2,R) : [e1, e2] = e1, [e2, e3] = e3, [e1, e3] = 2e2; (4)
A2.1 ⊕A1 : [e1, e2] = e1; (5)
A3.3 : [e1, e3] = e1, [e2, e3] = e2. (6)
3.1 Unimodularity of S-expansions
Given a unimodular Lie algebra g〈e1, . . . , en〉, we have
tr(adei) =
n∑
j=1
C
j
ij = 0 ∀ i = 1, . . . , n. (7)
Using (7) for the basis elements E(i−1)N+α := λαei of the S-expanded Lie algebra G, we get
tr(adE(i−1)N+α) =
N∑
β=1
n∑
j=1
K
β
αβC
j
ij =
N∑
β=1
K
β
αβ
(
n∑
j=1
C
j
ij
)
= 0,
where
K
γ
αβ =
{
1, if λαλβ = λγ ,
0, otherwise.
Thereby the unimodularity property is necessarily preserved by any sole S-expansion. At the
same time, a unimodular Lie algebra may contain a non-unimodular subalgebra or may be
reduced to a non-unimodular Lie algebra.
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3.2 Examples of non-unimodular S-expansions
Consider the expansion of the Lie algebra sl(2,R) by means of the Abelian semigroup S2 := {λ1, λ2}
where λ1λ1 = λ1λ2 = λ2λ1 = λ2λ2 = λ2, i.e., λ2 is the zero element 0S2 of the semigroup. The
elements E2(i−1)+α := λαei, α = 1, 2, i = 1, 2, 3, form a basis of six-dimensional S2-expanded
Lie algebra G. Then from (4) we obtain the nonzero commutation relations
[E1, E3] = E2, [E1, E4] = E2, [E1, E5] = 2E4, [E1, E6] = 2E4,
[E2, E3] = E2, [E2, E4] = E2, [E2, E5] = 2E4, [E2, E6] = 2E4,
[E3, E5] = E6, [E3, E6] = E6, [E4, E5] = E6, [E4, E6] = E6.
Elements E1, E2 and E3 span a three-dimensional subalgebra with the nonzero commutation
relations [E1, E3] = E2, [E2, E3] = E2. The basis change E˜1 = E2, E˜2 = E3, E˜3 = E1−E2 leads
to the unique nonzero relation [E˜1, E˜2] = E˜1 and, therefore, we obtain the Lie algebra A2.1⊕A1,
c.f. (5).
Another example concerns the Lie algebras sl(2,R) and A3.3. Let a three-element Abelian
semigroup with a zero S3 = {0S3 = λ1, λ2, λ3} satisfies the conditions λ2λ3 = λ3λ2 = λ2 and
λ2λ2 = λ3λ3 = λ1. The above properties of S3 are consistent with the semigroup structure
and are sufficient for defining S3-expansions. Thus, the S3-expansion of sl(2,R) is the nine-
dimensional Lie algebra S3 × sl(2,R) with the nonzero commutation relations
[E1, E4] = E1, [E1, E5] = E1, [E1, E6] = E1,
[E1, E7] = 2E4, [E1, E8] = 2E4, [E1, E9] = 2E4,
[E2, E4] = E1, [E2, E5] = E1, [E2, E6] = E2,
[E2, E7] = 2E4, [E2, E8] = 2E4, [E2, E9] = 2E5,
[E3, E4] = E1, [E3, E5] = E2, [E3, E6] = E1,
[E3, E7] = 2E4, [E3, E8] = 2E5, [E3, E9] = 2E4,
[E4, E7] = E7, [E4, E8] = E7, [E4, E9] = E7,
[E5, E7] = E7, [E5, E8] = E7, [E5, E9] = E8,
[E6, E7] = E7, [E6, E8] = E8, [E6, E9] = E7.
From the algebra S3 × sl(2,R) we can extract the three-dimensional subalgebra 〈E1, E2, E6〉
isomorphic to A3.3, c.f. (6).
The two above constructions give us examples on connection between unimodular and non-
unimodular three-dimensional Lie algebras by means of the expansion and subalgebra extraction.
Remark 3. Concerning the rest of non-unimodular Lie algebras, namely A3.2, A
a
3.4 and A
b
3.5, it
seems to be impossible to construct them from simple three-dimensional Lie algebras by means
of S-expansion. This conjecture is motivated by the disagreement of the right-hand sides of the
respective canonical commutators that can not be overcome by basis changes. Nevertheless, this
conjecture needs a rigorous proof.
3.3 S-expansion from A2.1 ⊕ A1 to A3.3 and vice versa
Consider S3-expansion of the Lie algebra A2.1 ⊕A1. To skip the tedious commutation relations
of the nine-dimensional Lie algebra we consider only those which concern the basis elements
E1 = λ1e1, E2 = λ2e1 and E6 = λ3e2. They are
[E1, E6] = E1, [E2, E6] = E2, [E1, E2] = 0.
This implies that the basis elements E1, E2 and E6 form a subalgebra isomorphic to A3.3, c.f. (6).
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The inverse connection can be obtained by means of S2-expansion of the algebra A3.3. The
basis elements E1, E2 and E6 span the subalgebra isomorphic to A2.1⊕A1. Indeed, the nontrivial
commutation relations between these elements are
[E1, E2] = 0, [E1, E6] = E1, [E2, E6] = E1.
After the basis change E˜1 = E1 − E2, E˜2 = E6, E˜3 = E2, we obtain the unique nonzero
commutation relation [E˜1, E˜2] = E˜1.
In contrast to the contraction procedure, the last expansion creates a Lie algebra of more
complicated structure. For example, the dimension of the center decreases from 1 to 0, the
dimension of the Cartan subalgebra decreases from 2 to 1 and the dimension of the derivative
enlarges from 1 to 2 after the S-expansion from the Lie algebra A2.1 ⊕A1 to the algebra A3.3.
At the same time, the S-expansion, even combined with algebra reduction and singling out
a subalgebra, preserves certain properties of Lie algebras. Thus, we have [S × g, S × g] =
(SS)× [g, g]. Hence the algebra S × g is solvable (resp. nilpotent) if and only if the algebra g is,
and then the solvability (resp. nilpotency) degrees of these algebras coincide. The procedures of
reducing the algebra S × g and singling out a subalgebra may not increase the solvability (resp.
nilpotency) degree.
Note that all four of the discussed examples of expansions can be obtained from the non-
Abelian two-dimensional Lie algebra, since in all cases the key role is played by the commutation
relation [e1, e2] = e1.
Remark 4. S-expansions do not set any ordering relationship on the variety of Lie algebras
of a fixed dimension. This statement is illustrated by the example of Lie algebras A2.1 ⊕ A1
and A3.3 that can be connected by S-expansion in both directions. Therefore, in spite of the
fact that it is possible to construct non-unimodular Lie algebras from unimodular ones, there is
still a question whether S-expansions fit to the classification of solvable Lie algebras of a fixed
dimension by means of S-expansions of simple (semisimple) Lie algebras of the same dimension.
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